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Abstract. In a recent paper the probability of forming a ring in vitreougOB was evaluated

using the stochastic matrix method, as a description of the growth process of a solid. In
this work we generalize this method for the same substance introducing a probabilistic cut-off
temperature and find a theoretical Vogel-Fulcher-Tamman-like equation for the average relaxation
time (or viscosity) of the strong-glass-forming liquid. We take the average relaxation time to be
inversely proportional to the probability of forming a ring, calculated for a large number of steps
of growth. We also use the temperature derivative method to recognize the functional dependence
of the relaxation time.

1. Introduction

Many liquids can be supercooled below their equilibrium melting points and solidified to the
glassy state, provided that the cooling rate is fast enough to avoid crystallization. The most
significant features on approaching glass transition are a rapid increase in the viscosity and a
slowing down of the structural relaxation. It turns out that the relaxation patterns in different
glass-forming liquids show several common features, such as the temperature dependence of
the structural relaxation timeusually well represented by the Vogel-Fulcher—-Tamman (VFT)
empirical equation

T=1 exp(TD_T(’T()) . (1)

Tp corresponds to the temperature at whicls infinite, o is a reference relaxation time and

D is a measure of the structural ‘strength’ of the system. The laigést ~ 20—-100) values
characterize liquids that are most resistant to temperature-induced changes. These liquids
display a nearly Arrhenius behaviour and are referred to as ‘strong’ [1]. To this group belong
covalent bonded network glass formers like i@ = 100) [1] and BO; (D = 35) [2].

At the other extreme are the ‘fragile’ glasses, i.e. those systems with the sniaedties

(D =~ 3-5), exhibiting the most rapid changegaif the supercooled region. In fragile systems
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dramatic changes afin the transition range imply thd is close tdl, while for strong glasses
Ty is far belowT, (T,/To = 2 for B,Os), T, being the glass transition temperature.

Another characteristic of the dynamics at the glass transition is the hon-exponential time
decay of the structural relaxation functigrir). It is commonly expressed by the stretched
exponential function

o (1) = Aexpl—(t/txww) "] (2)

Experimental findings suggest that the smaller the stretching paraggiery is, the more
fragile is the system [3-5]. However, there are recent indications of a more complicated time
decay of the relaxation function than that stated by equation (2). Investigations of various
fragile glass formers show a two-step behaviour, including a fast process, generally in the
picosecond regime, which precedes the main so-caleslaxation [6—-12].

In the case of BO; the stretching parametgk ww obtained in this fit is found to increase
slightly with temperature, from 0.6 close T (526 K) to about 0.8 at the highest temperature
of observation, which is also in agreement with previous measurements ofphecess
[13-15]. AsT, is approached, the rapidly increasing time scale obthelaxation makes it
difficult to detect¢ (¢) by photon correlation spectroscopy (PCS). Even though the spectra
display only the initial part of the:-process and the final decay towards the base line is not
observed, a stretched exponential fits the curves well in the limited range<d0 < 10* s
and with a stretching parametggkww Similar to that found at higher temperatures. More
interesting is that the short duration of the correlation functied@? s) deviates from the
functional form of equation (2). This implies that some other relaxation process occurs over
a considerably shorter time scale than ghprocess [16]. The effect is so sharp that about
half of the decay occurs in a time less than that which can be measured by PCS. Indeed the
correlation function decays to abogitr) = 0.5 at very small times+10-% s). Therefore
only the tail of the faster process can be observed, which mainly relaxes attib@e8s. No
temperature dependencemfvas noted for the faster process in the range 506-543 K where
it was observed.

From a theoretical point of view, many efforts have been made towards elucidating the
temperature dependenceradnd other properties of liquid glass formers. Inarecenttheoretical
work, Barrioet al [17] used a statistical model in which the stochastic matrix method (SMM)
was applied to find the fraction of boron atoms belonging to boroxol rings in a boron oxide
(B20O3) glass. They evaluated the characteristic energies related to the formation of a single
B—O-B unit in an oxygen bridge or in a boroxol ring and the probability of forming a ring.
The model also gave a reasonable qualitative prediction for a characteristic exponent ruling
the growth of microclusters.

In a recent article [18] we derived a theoretical Arrhenius equation for the average
relaxation time (or viscosity) of the strong-glass-forming liquigiCB using the SMM. The
main idea is to take the average relaxation time as inversely proportional to the probability
of forming a ring, calculated for a large number of growth steps. To identify the type of
equation that was obtained for the average relaxation time, we used the method of temperature
derivatives [19, 20]. This method rests on the idea of investigating the structure of expressions
d"logx/dT" and dlogc/d(1/T) (n = 1, 2) to reduce the number of fit parameters and
linearize both the VFT and Arrhenius equations.

The purpose of this work is to generalize the SMM by introducing an Arrhenius
probabilistic cut temperature and to show that this generalization leads to a non-Arrhenius
form for the relaxation time, as well as to a physical interpretation of significant parameters
which is related to the topology of growth of boroxol rings. The paper is divided as follows.
In section 2 we present the generalization of the SMM. In section 3 we use the results obtained
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in section 2 to study the relaxation time fop@; and, finally, in section 4 we conclude with
some remarks on the nature of these results.

2. Generalization of the SMM and theoretical framework for the VFT equation

Through the SMM it is possible to describe the growth process of a solid [17]. In this method
such a process can be described by a matrix acting on a vector. The matrix components define
the statistical weights of the transitions resulting in the corresponding transformation of sites.
The vector components represent the probabilities of finding a given site on the rim of such a
cluster. The matrix is used to transform this vector into a new one after adding one atom to
the cluster. Transformation of the rim depends on the site to which the new atom sticks. Each
sticking process has a certain probability of occurring, so that the matrix elements contain
the probabilities of transforming each kind of site into others. The probability factors must
include two contributions. (1) The statistical weight for each process, that is the number of
ways leading to the same final result and (2) the Boltzmann factor taking into account the
energy barrier necessary to form a certain kind of bond. The probability of sticking a new
unit to the bulk is taken to be proportional to €,/ kg T), whereE,, is the energy cost of
sticking a unitin then form at temperatur@ andkp is the Boltzmann constant. Itis important

to note that, according to this assumption, it is possible to stick a unit at every temp@tature
Nevertheless, it would be much more physically meanngful if a temperatuseintroduced

into the Boltzmann factor such that, f6r= 7', the probability of sticking a unit in the bulk is
equal to zero. This argument can be supported because at some temperatuf betaylass
system is unable to displace any unit for possible attachment to the bulk. Thus by introducing
this probabilistic cut-off temperature we may generalize the SMM so that the probability of
sticking a new unit at the rim is proportional to &xpE,,/kg(T — T')). Clearly if we set

T’ = 0 the results obtained in the previous calculation are recovered.

To identify T’ as a physical property of the system we next calculate the relaxation time
for the growth system using the SMM and the generalization described above. To do this we
proceed as follows. We first take the average relaxation time to be inversely proportional to the
probability of forming aring. Next, we identify the form of the relaxation equation by appealing
to the temperature derivative method. Finally we compare the resulting equation with that used
to reproduce the experimental data. We therefore begin with the SMM according to which the
probability for an average transition can be writtenPa§) whereé = exp)(AE/k(T — T"))
andAE is the difference between twg/, at temperature® and7’ respectively. If

T 1/P(§) ®3)

and we use the method of temperature derivatives to linearize equation (3) we get

dint=I\™2  /AENY2/ dinpE)\ Y2 ,
(%) =(%) (Fg2) o @

For typical activation energies the temperature dependend®®f can be neglected and

the second factor of equation (4) reduces to a constant so that integrating yields a VFT-like
equation. ThusT’ can be identified a%& and if To = 0 the Arrhenius equation is obtained. It

is important to note that in this theoretical contébtis interpreted not only as the temperature
that yields an infinite relaxation time, but it also is the temperature at which the probability of
sticking a unit into the bulk of the glass system is zero.
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3. Non-Arrhenius equation for the a-relaxation time

3.1. B,O3 as an example

In this section we wish to derive the viscosity of@; using the results obtained in the last
section, as well as the probability of forming a ring of@. To do this we proceed in exactly
the same way as in the derivation of equation (4). We obtain the probability of forming a
ring when passing from thgth layer to the { + 1)th layer by simply given by counting the
proportion of rings that were formed between sjegnd stepj + 1. If we calculate this for a
large number of steps of growtR;, can be replaced by its limiting value. According to Barrio
et al [17] for B,Og this is given by
2+
Py = 8224?—165 (5)
462+ 107 + 25

According to our second assumption, we can now identify the transition probability as the
probability of forming a ring in BO3. Furthermore, since the viscosity is proportional to the
relaxation time ), and thex-relaxation time is inversely proportional to the average transition
probability, then

N 1 _84§2+107$+25 ©)
PX 242+ 16
Taking the derivatives'dogx/dT", dlogx/d(1/T) (n = 1, 2) of equation (6) where = t,
we find that

din(Pg)\ % E;—EiN"? i

(Fa) —o-m(F55) "
dIn(Pg°) _1/2_ To\ [ E2— E1\ 2 —1/2

(a?) (-2 (F57) e @

where

L3203 =

(gd In P(g)) 48P+ 16 1682+ 10% ©
dg 2452+ 165 8462+ 107% +25
Taking typical values for the activation energy as quoted in reference [18], we know that
for r « 1 andLg,, ~ 1 the temperature dependencelgf, can also be neglected so that
equations (7) and (8) can be written as:

dlog(Pg®)\ 2 E, — E1\ V2
( e )> - T‘”( o 1) e
and
dlog(Pg)\ 2 . To\ [ E2— E1\ 2
<_ dr-1 ) B (1_ ?> ( kp ) . (8

From equation (6) we can also calculadx) = [dIn(x)/dT]/[d?In(x)/dT?] and if
L, 0, is a constant we obtain

O() = —(T — Tp)/2. (10)

If equations (4), (8a) and (10) are integrated, a theoretical VFT-like equation is obtained,
namely

Ey— Ey DT,
= — — | = 11
r= o0 iy ) =oee(72) -
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where the constan is the pre-exponential factor aitlis a constantequal tof>— E1) / Tok ]

that can be determined by comparing it with the experimental VFT equation. Equation (11)
is the main result of this paper. Comparing the experimental values obtained from the VFT
equation with equation (11), values fBp—FE; can be calculated (see table 1).

Table 1. In the first and second columns experimental parameters used to fit the VFT equation are
shown, taken from references [16] and [21]. In the third column the values obtainéd-fan
from equation (11) are given.

Experimental data  Experimental data  Calculated by equation (11)

D To (K) Eo—E; (kcal mol?) Ref.
35 266 18.207 [16]
7.69 445 6.79 [21]

Toreproduce the experimental data obtained using equation (11)@anae takeD ~ 35,
To ~ T,/2[16] andt (T,) = 10"3 Poise to calculate,. With these values we can also calculate
the activation energy dl,, finding thatE,—E1 = 18.207 kcal mot ™.

3.2. Physical interpretation of theg, o, function

In this section we discuss the physical interpretatiorL.gfo,. This can be achieved by
calculating the relaxation time using the fact that its value is proportional to the probability
of assembling two rings linked by a bridge. To do this we proceed as follows. Starting with
the SMM we calculate the probability of forming two rings in@s linked by an oxygen
bridge. With this probability we can calculate the relaxation time if the transition probability
is associated with the form of this structure.

For B,Os, inspection of the possible configurations which may occur at the rim of the
clusters resulting from the agglomeration of the boron—oxygen singlé®; (B3) shows that
whenever a new singlet comes close to the rim, it can attach itself to one of the sites presenting
free valence ions; it may encounter one of six situations. Bagtial [17] denote these
configurations by, y, z, ¢, u andw, with x meaning an isolated singlet at the rim with only
one free valence ion availablgcorresponding to a singlet at the rim with two free valence ions
availablez denoting two singlets in a chain with three valence ions, and finatlyresponding
to three singlets in a chain. The terminatiortorresponds to a free bond of a boron atom
trapped in a ring, while the termination corresponds to two valence ions of two different
boron atoms trapped in the same ring. Then the fadkass x), P(x, y), ... that define the
statistical weights of the transitions resulting in the corresponding transformations of sites can
be displayed as a & 6 matrix, namely

0 0 0 P(t, x) 0 0
P(x,y) 0 P(z,y) P(t,y) P(u,y) Pw,y)
0 P(y,2) 0 P(t,2) 0 0 (12)
0 0 P(z,1) 0 0 0
0 0 0 P(t,u) 0 P(w, u)
0 0 P(z,w) P(t,w) 0 0

After normalization, the stochastic matrix that transforms the probability of finding one
configuration at the rim of a clustePy, P,, P;, P;, P,, P,,) into a new set of probabilities(,
P, P, P/, P,, P,) after an entire new layer of atoms has grown, with one new atom at each
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available site, is given by [17]

1+4 .
00 O 5+1% 0 0
1 3+2 1
1o 2+2% 5+1% 13
01 o0 5+11 0 0
. 2 (13)
00 0 00
2+ 2%
2t 1
©co0 0 5+1% 0 3
2 4¢
-O 0 2+2% b5+1% 0 O-

Using the above matrix, the growth of a cluster is modelled by the successive application of
the matrix to an arbitrary initial vectary. Thus, the evolution of the probabilities at the rim
after j steps is given by; = M/v,. If M has only one eigenvalue 1 in the limit of largev;

for B,O3 is given by

P 1+4
00 2452+ 345+ 9
x| 1 2452 + 34 + 10
vj = Ptoo - 84%' T 10% +25 125 +5 (14)
P 3546 +3)
Py 25(12 +7)

As stated above the probability of forming a ring when passing fromjthdayer to the
(j + Dth layer is given by counting the number of rings that were formed betweer steg
the stepj + 1. This information is encoded in the matrix as the probability of the processes
Z; = wjy andt; — ujs, wis, Pp(T) = P, (Mg3) + P;;(Ms4 + Mgs) WhereM;; are the
respectiveé j elements of the matrii, so,
_ E(4+16
8482+ 107 + 25
To calculate the probability of forming two rings in8;3 linked by an oxygeny) bridge it is
important to note that in equation (15) the two forms of ringandw, are present. To calculate
this probability we need to count the probability of forming bridges before a ring is formed,
and then the probability of forming a ring before the ring itself with the bridge is formed. The
u rings are given byP, Ms4 and all of them, in the next step to stick a unit, give an oxygen
bridge (y-site), see matrix (12). The rings are given by, Mg3 + P;; Me4 and half of them
give a bridge before a unit is attached (see matrix (12)). Therefore the probability of finding a
ring with an oxygen bridge is given b, Msq+1/2( P, Ms3+ P, Mgs). FOCUSINg oOUr attention
on matrix (12), we note that starting with(the y before a ring) to add the next ring there is
only one way—to go beyon# (y, z) to P(z, w). All the y give az before sticking a unit and
we then have a probability equal to one to have this transition. But the probability to form a
ring before the is given byMe3, so we havePs; = 1/2Mgs[ Pi, Msa+1/2(P,, Me3+ P;; Mea)],
where the factor of one half is added because we have two rings linked together. Finally
e 1253 + 9?,%2
2 (2+2%)(842+ 10% +25)
If, as noted above, the glass transition faxd3 corresponds to the temperature at which

rapid breakdown of two boroxol rings linked by an oxygen bridge first occurs and if the

P} (15)

(16)
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relaxation time is inversely proportional to the average transition probability, using the method
described in section 3.1 we find that

din(Py)\ Y2 _ Er—E(\? 4p
< dr ) R ( kg ) Faseo, 4
dinPg)\™V? L To\ (E2—Ex iz T 18
o d7r-1 o B ? kB 28205 ( )

where

L . EdIn PE)\ 3652 + 18 & 16&2 + 10%
2P20s = de ) 1262+9%  1+& 8462+ 10% +25

Taking typical values for the activation energy fos®, § <« 1 andLyg,0, ~ 2. On the

other hand, when we calculate the probability of a transition corresponding to the formation

of a single ring.L 5,0, ~ 1 [18], so with the previous result we conclude thag,,, contains

information on how many rings are involved in the glass transition. Equations (17) and (18)

can be rewritten in the following form:

dlog(Py)\ 7% (E2 — Ep)\ 2
(#5905 i (552
and
ooy \ —1/2 . -1/2
() = () ()
B

which, when integrated, lead directly to VFT-like equations.
Having a physical interpretation dfzz,0,, equation (11) can be generalizednteings
giving
E; — Eq
=gexp(n—————. 19
T p(”kB(T—Tw) 19
The importance of equation (19) relies on the fact that comparing this equation with the

experimental expression for the relaxation time (equation (1)), the minimum number of rings
needed for the glass transition is obtained as

n = DkpTy/(E2 — E1). (20)

Experimentally, for BOs, it is known thatD ~ 35 andTp ~ 1/2T, ~ 262 [16]. Snyder [22]
estimated\ E to be 60 kcal mol?, on the basis odb initio quantum mechanical calculations.
Inserting these values into equation (20) gives that the minimum number of rings linked by
oxygen bridges needed for the®; glass transition is of the order of three. An activation
energy of 64+ 0.4 kcal mol! was obtained experimentally fopB3 [21]; this number agrees

well with the experimental value af E used here.

4. Concluding remarks

In this work we have obtained a theoretical VFT-like equation for the average relaxation
time (or viscosity) of the strong-glass-forming liquig®; using the generalized stochastic
matrix method. To generalize the SMM we introduced a probabilistic cut-off temperature
(T"). This temperature was introduced because we assume that below some temperature the
growth process cannot take place. Starting from these assumptions a hon-Arrhenius form for
the relaxation time was obtained. Comparing the theoretical expression for the relaxation time
with the experimental one, we find that this probabilistic cut-off temperature corresponds to
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To, the temperature at which the viscosity is infinite according to the VFT equation. This
theoretical framework allows for an interpretation of non-Arrhenius behaviour. In fact, if the
system has a probabilistic cut-off temperature we can expect a non-Arrhenius relaxation time;
if not, it exhibits an ARR behaviour.

To determine an expression for the relaxation time with the generalized SMM we took the
transition probability as the probability of forming a ring calculated for a large number of steps
of growth; this probability was obtained form the SMM. To identify an equation for the average
relaxation time we used the method of temperature derivatives and an VFT-like equation was
obtained (equation (11)). For this equation three parameters remain to be detengizd,
andTp, and a comparison with experiment provided us with these values.

A physical interpretation of.,5,0, Was also discussed. This result, and the value for the
activation energy, allowed us to predict the number of rings that are expected to be present in
a glass transition. For 3 we found that the minimum number of rings linked by oxygen
bridges is three ifE,—FE; is taken fromab initio quantum mechanical calculations or from
experimental data.

Moreover, the results of this paper may also be extended to other strong glass formers, if
the glassy state can be associated with the probability of assembling ring structures. Most of the
ideas and methods presented in this article can be applied to dendritic systems Hleg As
Ge Se_., Ge ShisSess_,, etc, the results of which will be dealt with in forthcoming papers.
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